A molecular theory of underdamped dielectric relaxation of a dense dipolar liquid is presented. This theory properly takes into account the collective effects that are present (due to strong intermolecular correlations) in a dipolar liquid. For small rigid molecules, the theory again leads to a three-variable description which, however, is somewhat different from the traditional version. In particular, two of the three parameters are collective in nature and are determined by the orientational pair correlation function. A detailed comparison between the theory and the computer simulation results of Neria and Nitxan is performed and an excellent agreement is obtained without the use of any adjustable or free parameter -the calculation is fully microscopic. The theory can also provide a systematic description of the Poley absorption often observed in dipolar liquids in the high-frequency regime.
Introduction
The dielectric relaxation in a dense dipolar liquid often shows dramatically different behavior at the low-and the high-frequency limits. While the former is often dominated by diffusive motion of the dipolar molecules, the latter is dominated by ultra-fast motions that can be inertial in nature. In many liquids there is a peak in the dielectric absorption spectrum at a relatively high frequency. This absorption, known as Poley absorption, is often attributed to collective excitations, like librations or dipolarons [ l-3 1. The nature of these excitations is still not clearly understood.
Several somewhat different approaches have been invoked to study the high-frequency dielectric relaxation. In the approach that appears to be pioneered by Rocard [ 41 many years ago, the dielectric relaxation is described in terms of single-particle rotational motion. For spherical molecules, this approach leads to the following well-known relation: 4QJ) -60 1 e0-eC0 = (l+iorR)(l+io7,) ' (1)
where e. and t, are respectively the zero-and intinite-frequency limits of the frequency-dependent dielectric function e(w), and rR and z, are the relaxation times defined by
In the above equation, lR is the rotational friction on a rotating dipolar molecule, k,T is Boltzmann's constant times temperature and I is the moment of inertia of a dipolar molecule. Eq.
( 1) is known as the Rocard equation. This equation fails to describe the Poley absorption as it predicts a monotonous return to transparency as the frequency is increased. Eq. (1) is a two-parameter theory where the two parameters ?R and T, are related by the following Hubbard relation [ 5 ] :
(3)
The Hubbard relation holds not only for the Langevin-type mechanism, but also for J-diffusion type models (see ref. [ 6 ] for a discussion of these and related points).
The Rocard equation has been extended in order to account for the Poley absorption. Guillot and Bratos [ 312 ' (4) where ( Nz) is the mean-square torque on a mole-, cule. Under appropriate approximations, this theory also reduces to a three-variable theory and the parameters are essentially the same as the ones used in the theory of McConnel [ 61, except that the approximations are introduced systematically. However, it should be emphasized here that Madden and Kivelson considered dielectric relaxation as the relaxation of the total moment which is different from the since-panicle assumption made in all the previous studies. Madden and Kivelson also addressed the question of the existence of collective excitations, such as librations and dipolarons, in the polarization relaxation in dense dipolar liquids and presented certain bounds for the existence of these collective excitations. The main limitation of this otherwise elegant study of Madden and Kivelson is that their theory is not easily amenable to numerical analysis without using experimental parameters and is, therefore, not self-contained.
As in other branches of liquid state physics, computer simulations have played an irn~~ant role here to unravel the underlying molecular processes involved in dielectric relaxation. The first detailed molecular dynamics simulation of underdamped dielectric relaxation was reported by Pollock and Alder [ IO] . These authors simulated a Stockmayer liquid. In this liquid, the dipolar molecules interact via a Stockmayer potential ( Lennard-Jones -t dipole-dipole interaction) which allows the liquid to be in the underdamped limit of orientational relaxation for a rather large range of dipole moment values. The study of Pollock and Alder clearly demonstrated, for the first time, the existence of collective excitations, called dipolarons, in the longitudinal component of the polarization relaxation, but not in the transverse component. However, the Cole-Cole plot clearly indicated the presence of inertial effects in dielectric relaxation in the hip-frequent regime. Recently Neria and Nitzan [ 11,121 have presented a detailed molecular dynamics simulation of the dielectric relaxation in the same Stockmayer liquid. These authors found that for not too strongly polar liquid, the decay of the total moment time correlation function was dominated by a Gaussian component which was followed by an exponential decay at long times. For a strongly polar liquid, the onset of the exponential decay occurs earlier as expected. Another important result is that the rate of Gaussian decay was significantly faster than the free, inertial decay due to temperature alone. This simulation of Neria and Nitzan provides a motivation to develop a molecular theory of dielectric relaxation because a quantitative comparison with theory is now possible. We believe that such a quantitative comparison is presented here for the first time.
Let us now ask the question: what should be the basic features of a first-principles theory of ultra-fast dielectric relaxation? Clearly, only the high-frequency response of the liquid will be involved in this case. Since the dielectric relaxation is related to polarization relaxation and since polarization is related to density relaxation, one would expect a rn~~~~la~ hydrodynamic theory f 13 ] based on the conservation of density and angular momentum to be adequate, provided the short-time response is properly included. Since dielectric relaxation probes the long wavelength orientational relaxation of the system, one expects that details of the short-range interactions will not be very important. It is also clear that early decay of the total moment correlation function should be dominated primarily by the static, equilibrium correlations of the liquid. One would then like to have a theory which would pay proper attention to the static orientational correlations present in a dipolar liquid and would include the viscoelastic type responses that would be probed at very short times. It is pertinent to remark at this point that although one is directly investigating a long wavelength property, the shortrange or local correlations can still play an important role through the liquid response functions, as will be explained later.
In this article we present a theoretical study of underdampcd dielectric relaxation which uses such a molecular hydrodynamic theory [ 14 ] to describe collective orientational relaxation. This approach has been used successfully in recent years to investigate several aspects of polar solvent dynamics [ 14-16 1.
In this approach, one uses a time-dependent density functional theory to obtain the collective force on the density fluctuation and a frequency-dependent friction to account for the non-Markovian dissipation of the angular momentum. Secondly, the viscoelastic response of the liquid is included through a frequency-dependent friction. The important thing is that we use a short-time representation for this frequency-dependent friction which is exact in the t&O limit. The novel feature of the present calculation is that for simple, spherical dipolar molecules, it is possible to obtain everything from first principles so that there is no adjustable parameter.
The main results of the present study are the following. The high-frequency dielectric relaxation depends on the following parameters. As before, the inertial time, or, plays an important role in setting the time scale of relaxation. Secondly, we need the frequency-dependent dielectric friction which is given by the Laplace transform of the torque-torque time correlation function. Lastly, an important role is played by an orientational "caging" parameter, f", which is determined by the long wavelength limit of the orientational correlation function and is related to the static dielectric constant of the medium. In the ultra-short time, the frequency dependent friction is determined by the orientational Einstein frequency, so that our theory becomes a three-variable theory. The orientational Einstein frequency is essentially the mean-squared torque on a tagged dipole and is determined by an integration over the orientational correlation function. The present study also suggests that static (that is, equilibrium) orientational pair correlations play an important role even in the high-frequency dielectric function. Because of the simplicity of the theory and the simplicity of the model potential, a detailed comparison between theoretical predictions and the computer simulation results has been possible. The agreement between theory and simulation is excellent, especially for not too strongly polar dipolar liquids.
The organization of the rest of the paper is as follows. In the next section, we describe the non-Markovian hydrodynamic theory of dielectric relaxation. In section 3 we present the detailed numerical work necessary to compare with the simulation of Neria and Nitzan. Section 4 concludes with a brief discussion.
Theory
The statistical mechanical expressions for frequency (w) and wavevector (k) dependent dielectric functions have been discussed in several places and we shall present only the necessary equations here. The longitudinal ( eL (k, w) ) and the transverse ( eT( k, o) ) dielectric functions are related to the respective polarizabilities, cr,(k, o) and LY~( k, w) by the following expressions [ 14 ] :
The polarizabilities are given by the following linear response relations:
(8)
where the correlations functions, &(k, w) and c&k, w) are defined by the following expressions: 
where p(r, Q, t) is the position (r) and orientation (sd) dependent number density of the dipolar liquid and ~(0) is the dipole moment vector with orientation Q. The wavevector-dependent polarization is obtained by Fourier transforming the space-dependent polarization. Therefore, the calculation of the polarization correlation function is essentially the calculation of the orientational density-density correlation function. The required density-density correlation function can be obtained from a molecular hydrodynamic approach introduced recently by us in the study of the collective orientational relaxation [ 14, 17, 18] . In this approach, the slow variables are the position-and orientation-dependent number density and the momenta densities. The effects of intermolecular correlations are taken into account via a systematic force term (analogous to the pressure term in the standard Navier-Stokes description) which is given by the density derivative of the free energy functional. The free energy functional is given by the density functional theory [ 19 ] which provides a systematic expansion of the free energy in terms of density fluctuation. This approach leads to the following expression for the wavevector and frequency dependent polarization fluctuations:
where i stands for either longitudinal (L) or transverse (T) component. The different quantities of eq. ( 12 ) are defined as follows:
where (n(z) and C,,(z) are the frequency-dependent rotational and translational frictions on a dipolar molecule of the liquid, respectively. c( 11 m; k) are the ( 11 m) expansion coefficients of the position-and orientation-dependent two-particle direct correlation function of the dipolar liquid of density p. [ 201. In eq. ( 12), the frequency z is in units of T, where rli= (Z/kJ-)"2.
In order to evaluate the polarization time correlation function, we need the equilibrium, static correlation functions ( PL( -k)P,( k) ) and ( PT ( -k)P,(k) ). It is shown elsewhere that these are given by the following expressions For the numerical evaluation of the dielectric function, we, of course, need the values of the orientational correlation function coefftcients c( 11 m; k) and h ( 11 m; k) . Fortunately, there are now several theoretical methods available for obtaining these functions for dipolar liquids. Among these methods, the most convenient one is the mean spherical approximation (MSA) model [ 20,211 which was solved by Wertheim [ 2 1 ] to provide a closed-form solution for the orientational pair and direct correlation functions -the solution is especially simple in the Fourier or wavevector (k) space. However, there are two major limitations of MSA. Firstly, it is valid only for dipolar hard spheres whereas we are interested in more realistic potentials, especially in this work, in the Stockmayer potential for which computer simulations are available. Secondly, MSA is valid only for weakly polar liquids. In the next section we show how a perturbation scheme can be used to obtain the orientational correlation functions for the Stockmayer liquid using MSA as the reference system. Because we shall use MSA in the numerical calculations, they are limited to weakly polar liquids. However, the theoretical scheme is general.
The important quantity that remains to be specitied is the frequency-dependent rotational friction (as we do not need the translational friction to describe the macroscopic (that is, k=O) dielectric relaxation) and we now discuss the calculation of this quantity. We are interested in the underdamped, inertial decay, and there is a reliable method to calculate the friction coefficient. The method makes use of the following exact relation between the frequency-dependent rotational friction and frequencydependent angular C,(z) [131, velocity correlation function c,(z) = cJt=O) z+Ldz) ' (15) where C,(z) is defined by C,(z) =Jr dt xexp( -zt)&(t) and C,(t) is the angular velocity time correlation function. The next important point is that the angular velocity correlation function C,(t) admits of the following short-time representation [ 161: C,(t)=C,(t=O) exp( -fa$t') , (16) which is exact in the t-0 limit. Eqs. ( 15) and ( 16) together provide the desired value of (n(z). In eq. ( 16), s2, is the orientational Einstein frequency (OEF) of the liquid. We have shown elsewhere that the orientational Einstein frequency of a dipolar liquid is given by the following integral expression [22, 16] 
where j, (q) is the spherical Bessel function of the first order and a is the molecular diameter. Eq. ( 17) is valid when dipolar interaction is the only angle-de-pendent part of the intermolecular potential. The orientational Einstein frequency is essentially the meansquare torque on a molecule, but it is more natural to use the former nomenclature in analogy with the mean square force on a liquid molecule which is called the Einstein frequency [ 13 1.
As discussed in the Introduction, all the successful theories of inertial dielectric relaxation seem to involve three parameters. The general form of the present theory is clearly more involved as f "L ( =fL( k= 0) ) and I&(Z) can hardly be characterized as parameters, as they show complicated dependencies on the structure and the properties of the liquid. However, the theory simplifies considerably in the very (or ultra) short time when the friction coefficient is determined by the Einstein frequency, an. The latter is essentially the mean-square torque that also appears in the theory of Guillot and Bratos.
The present theory provides a rather simple picture of dielectric relaxation in dipolar liquids. The long wavelength polarization relaxation is that of relaxation in an underdamped harmonic oscillator -the force constant of the harmonic well is determined by the static dielectric constant while r, gives the relaxation in the absence of the harmonic potential. This is a sensible picture because the friction constant that entered in the previous descriptions should really have no relevance in the underdamped, ultra-fast relaxation as the system can hardly respond to such ultra-fast perturbation. However, the friction plays a very important role at long times.
It is interesting to compare the present theory with that of McConnel [ 6 1, If we ignore the orientational correlations among the dipolar molecules and assume that the torque-torque correlation function decays with a single exponential relaxation time r,, then the present theory goes over entirely to that of McConnel. However, these approximations may not be correct, for reasons discussed earlier.
In the following we compare the theoretical predictions with the computer simulations because they provide the scope for a detailed and systematic test of the theoretical predictions. A similar comparison with some of the existing experimental results should also be done -we hope to address this issue in the future.
Next we present the results of our numerical calculations.
Results
All the numerical calculations presented here are for the Stockmayer liquid which, as mentioned before, is the simplest model for orientational and solvation dynamics because the dipolar interaction is the only angle-dependent intermolecular interaction. We have performed detailed calculations for the parameter values studied by Nitzan and co-workers [ 11,12 1. These authors considered two different thermodynamic states of the Stockmayer liquid which we shall refer to as states I and II. The appropriate parameter values for both the states are given in table 1.
For numerical calculations, we need the values of the dielectric correlation function coefftcients c( 110; k=O) and c( 111; k=O). These are not readily available for the Stockmayer fluid. However, they can be obtained by mapping the Stockmayer liquid into a system of dipolar hard spheres for which one can use Wertheim's analytical solution of the mean spherical approximation (MSA) model. MSA is known to provide a rather reliable description of the intermolecular correlations for not too strongly dipolar liquids. Therefore, we expect our approach to be fairly accurate for the low polarity state considered by Neria and Nitzan (state I, see table 1). However, this MSA may not be reliable for the second system which is of much higher polarity. For this state, one should perhaps use the reference hypemetted chain (RHNC) model #* [ 23 ] which, however, requires extensive numerical calculation. In this calculation we use MSA for both the states because of simplicity and transparency that it provides.
We next briefly describe the mapping procedure. *I For a brief discussion on RHNC see ref.
[ 241. The Stockmayer liquid is characterized by three dimensionless parameters defined by p*zp& , T*= !$, (18) where p is the magnitude of the dipole moment of a molecule, e and a,, are the usual Lennard-Jones parameters for energy and diameter. On the other hand, a system of dipolar hard spheres is characterized by only two dimensionless quantities, the reduced dipole moment j& and the reduced density p* which are defined by
uus is the diameter of a hard sphere. We use the Verlet-Weis scheme [ 251 of implementing the Weeks-Chandler-Andersen (WCA) perturbation theory [ 261 to find the density and temperature dependent effective hard sphere diameter f&s which maps the Lennard-Jones part of the Stockmayer liquid into the hard-sphere liquid. We find ,u* = 1.17 and p& ~0.83 for the first system (state I of NN) and p*= 1.6 and p& co.84 for the second state. It is straightforward to use MSA to obtain the direct correlation function coefficients. The procedure and the necessary equations have been described in many places [20, 21, 14] .
In fig. 1 we present the total moment-moment correlation function C,(t) for the state I of the Stockmayer fluid considered by Neria and Nitzan. This less polar system shows inertial, Gaussian time dependence for a long time. In this figure we also show the simulation results. The agreement between theory and computer simulation is excellent. In fig. 2 we present the same results for the more polar systemthe state II of Neria and Nitzan. The more polar system goes over to the exponential decay in a much shorter time. In this case, the agreement between computer simulation and theory is not satisfactory. This lack of agreement can be due to several reasons. Firstly, MSA is not reliable at large polarities. Secondly, the dielectric friction may be rather large for this system and the short time expression for the velocity correlation given by eq. ( 16) may not be reliable. This deserves further study.
In fig. 3 , we show the transverse moment-moment in the relaxation behavior. This might explain the very similar time dependencies in the solvation dynamics of an ion observed by Neria and Nitzan in their computer simulations, although the dielectric relaxation behavior of the two systems was strongly different. The oscillatory decay of the longitudinal moment correlation function suggests that it may be appropriate to consider this as a collective excitation. Such an excitation is absent for the transverse part. This is in agreement with previous studies [ 8,10,18 1.
We now turn to the discussion of the Poley absorption. As shown in fig. 3 , the initial decay of the trans- This can be used to estimate the high-frequency dielectric absorption given by the imaginary part of the dielectric function which is now given by the following expression,
Eq. (2 1) has a maximum at a frequency which is, approximately, inversely proportional to rTo. The maximum at such a high frequency is attributed to the Poley absorption. Note that rTo is similar in value to rr.
Conclusion
In this article we have presented a molecular hydrodynamic theory of ultra-fast underdamped dielectric relaxation in a dense dipolar liquid. The merit of this description is that for a liquid of small rigid molecules it is possible to offer detailed predictions without using any adjustable parameter. For the model dipolar liquid, we find excellent agreement between theory and computer simulation results, especially for a system of low polarity.
The structure of the general theory is similar to the theory of Madden and Kivelson [ 81, except that the present molecular hydrodynamic approach is simpler, transparent and amenable to numerical calculations. This is primarily due to the use of the density functional theory where the two-particle direct correlation function, rather than the radial distribution function naturally enters the description. Also, the density expansion of the free energy gives rise to a convolution integral form which enables us to exploit the translational isotropy of the system by working in the Fourier space.
The theory predicts that in the short-time relaxation of an underdamped liquid, the macroscopic friction (or the viscosity) of the liquid does not play any significant role. Rather, it is the static intermolecular orientational correlations that determine the rate of the relaxation.
The use of the short-time approximation (eq. ( 16 ) ) somewhat limits the applicability of the present approach. As we have already pointed out, the main reason for its use is that it allows the calculations to remain fully microscopic and self-contained. This is because we can calculate the orientational Einstein frequency exactly for the Stockmayer liquid. Although this short-time approximation works extremely well for the less polar system, it does not provide a satisfactory description of the more polar liquid. It is certainly an interesting problem to consider a more appropriate description of the frequency-dependent friction. Another interesting problem is to consider real liquids where short-range attractive interactions can be important. This can give rise to librational modes at low temperatures. In such cases, the description of the friction is going to be more complicated.
